Introduction
Heterogeneous agent models have received more and more interest in the past decade, providing a wide range of explanations for many stylized facts in financial markets. Related studies mainly include computational oriented work, see Lebaron (2006) for an overall recent survey of the literature, and analytically tractable work, see Hommes (2006) and Chiarella et al. (2009) for a recent survey on research along this direction. In the latter case, one of the most important models is given by Hommes (1997, 1998) . Brock and Hommes (1997) provided a simple evolutionary framework for endogenous strategy selection, where the strategies that have performed well attract more followers. Brock and Hommes (1998) applied this framework to a simple present discounted value asset pricing model with heterogeneous beliefs (called BH model hereafter). That is, in each period, agents choose from a finite set of different predictors of the future price of a risky asset. Predictor selection is based on a performance measure such as past realized profits. Based on bifurcation theory of discrete dynamical systems, one of their main findings is that as the intensity of choice to switch prediction strategies increases, the fundamental price becomes unstable and bifurcation routes to complicated dynamics such as quasi-periodic and even chaotic asset price fluctuations occur. That is to say, the high intensity of choice to switch strategies is one of the most important reasons for asset price fluctuations. Dieci and Westerhoff (2010) . The above models aim at studying the effects of agents' behaviors on price fluctuations from the interior of financial markets. They provide a wide range of explanations for many stylized facts of asset prices such as volatility clustering, long memory, etc. by a mixture of theoretical studies and numerical simulations. The models they provided are discrete dynamical systems with random dividends. A common method they applied to the analytical studies is to set the dividends as constants (their means) such that the original systems become deterministic discrete dynamical systems and then to study the deterministic skeletons instead of the original models. Then based on the theoretical results obtained from the deterministic dynamical systems, they made numerical simulations to find out the properties of the models obtained from adding random perturbations to the deterministic dynamical systems. A natural and important question is whether the deterministic skeletons obtained by setting random dividends as a constant, the mean, are good approximations of the original random models. That is, is it reasonable to study the deterministic skeletons instead of the original random models? In this paper we try to give a partial answer to this question.
In order to focus on the stochastic analysis for the random models and compare it with the corresponding deterministic skeletons more conveniently, here we take the model given by Hommes et al. (2005) There have been some results on asset pricing models with random dividends. For example, via dynamic programming Lucas (1978) analytically examined the stochastic behavior of asset prices under the traditional framework with homogeneous and rational traders, where dividends follow a stochastic process; by applying methods of Tong (1990) and Arnold and Boxler (1991) , Pötzelberger and Sögner (2003) theoretically investigated the problem of stability and the impact of learning in a setup with random dividends under the framework of boundedly rational traders; based on Arnold (1998) , by studying the existence and stability of random fixed points Böhm and Chiarella (2005) theoretically and numerically analyzed the dynamics of prices and price expectations in an economy with overlapping generations and random dividends. However, the methods used in the above studies can not be applied directly to the HHW model with random dividends to show the existence and stability of random fixed points. Also these studies did not talk about the relationship between random systems and their corresponding deterministic skeletons.
In order to study the existence and stability of random fixed points of the HHW model with random dividends and their relationship to the fixed points of the corresponding deterministic skeleton, we found that most of the available mathematical results are related to Lyapunov exponents and random norms, which make the results difficult to be applied directly to practical asset pricing models. See for example, Arnold and Boxler (1991) and Arnold (1998) . Therefore we first developed a new mathematical tool in Zhu et al. (2009) , in which we gave easy-to-use conditions to guarantee the continuity of Lyapunov exponents for a special case under small random perturbations by using some ideas of Young (1986) . In fact, Young (1986) studied a more general case. However, the HHW model does not satisfy the conditions given by Young (1986) . In order to deal with the special cases related to the HHW model, we provided some assumptions that are weaker than those given by There is also some literature contributing to stochastic stability and the relationship between stochastic systems and their corresponding deterministic skeletons from a probabilistic point of view. For example, Meyn and Tweedie (1993) studied the existence and stability of stationary distributions. Kifer (1974 Kifer ( , 1988 Meyn and Tweedie (1993) to study the stability of stochastic optimal growth models. From a general point of view, Diks and Wagener (2008) further found out that in the compact case, the set of stable (non-bifurcating in the weak sense) systems is open and dense. However, what we are interested in is the dynamical properties of the HHW model with random dividends. In particular, we analytically study the existence and stability of random fixed points and the relationship between random fixed points and their corresponding fixed points of the deterministic skeleton. As far as random fixed points are concerned, existence, stability and convergence of random fixed points in the almost sure sense are stronger, implying existence, stability and convergence of stationary distributions in the weak sense. As shown in Arnold (1998), dynamical study of random models provides a much richer structure than just a family of stochastic processes.
The rest of this paper is set out as follows. Section 2 revisits the HHW model. Section 3 analytically provides existence, stability and convergence of random fixed points of HHW model. The numerical simulations are also given to illustrate the theoretical results. Section 4 presents some further numerical simulations with respect to (quasi-)periodic or strange attractors under random perturbations of dividends.
Section 5 concludes the paper with some discussion. Proofs of all propositions in Section 3 are given in Appendix A and some related basic concepts are given in Appendix B.
A simple heterogeneous agent asset pricing model
In the following we briefly introduce the HHW model given by Hommes et al. (2005) . The HHW model is constructed under the following major assumptions: 1) There are two groups of speculators in the market: fundamentalists and trend followers. They are myopic mean-variance maximizer of next-period wealth and have same risk aversion coefficient a > 0, same belief about conditional variance σ 2 of excess return (without loss of generality aσ 2 = 1 is assumed).
2) There are only two assets: a risk free asset, whose gross return is R > 1, and a risky asset, whose price p n is given by a market maker who adjusts the price proportional to the observed excess demand.
3) The dividend {y n } of the risky asset is i.i.d. with constant mean valueȳ.
4) Traders are boundedly rational and change their strategy asynchronously (a fraction α of traders sticking to their previous strategies). The updated population fractionsn 1n ,n 2n are formed on the basis of discrete choice probability.
5) The fundamental price p * which is a constant, is known by both kinds of speculators.
6) The period information gathering cost C 1 for fundamentalists is bigger than C 2 for trend followers.
Let x n = p n − p * , m n =n 1n −n 2n , C = C 1 − C 2 . Then the HHW model with stochastic dividends is written as following of fixed points and bifurcation route to randomness in the deterministic skeleton, i.e. the case ǫ = 0 in detail. The motivation of our setting in this way is that we will study the model with stochastic perturbations directly, trying to find out the asymptotical relation (as ǫ → 0) between the dynamical properties of the model with stochastic noise and those of its corresponding deterministic skeleton. Then we will know whether and to what extent the study of the corresponding deterministic skeleton is reasonable and significant for the original stochastic model.
Theoretical analysis of random fixed points
In order to make a theoretical analysis, we add an assumption to the noise term ǫε n . Assume (A). Each ε n takes values in a bounded interval I := [−M, M] and its probability measure ν on I is absolutely continuous with respect to Lebesgue measure with a density ϕ. In addition, ε n is independent of the deviations of the past prices from the fundamental values and the differences of past fractions, i.e. {(x k , m k ), k < n}.
Remark 1 Here we do not specify the interval I and the density ϕ. Furthermore, we also do not require that ϕ should be positive at each point in the interval I. This is because dividends of different stocks in real asset markets may vary in different ranges and their distributions may also be different. Here we try to study the random model (2.1) from a general point of view. Besides, dividends in real asset markets are mainly determined by the performance of firms and always vary in a bounded range. Hence the assumption (A) is natural.
With this assumption, we now begin to study the properties of the random model Just as in the deterministic case, we are mainly concerned with equilibrium states of the random dynamical system. In analogue with deterministic fixed points, random fixed points (this concept and related theory are introduced in Appendix B)
reveal equilibrium behavior of random dynamical systems. Hence we will first study existence and stability of random fixed points of the random system (2.1) and their relationship to the corresponding fixed points of the deterministic skeleton. Generally speaking, it is difficult to find out random fixed points for such complicated nonlinear random dynamical system. It is natural to check first whether fixed points of the deterministic skeleton are also fixed points after random perturbations are added to the system. For the fundamental fixed point E = (x * , m * ) = (0, − tanh( 
)) is always a fixed point. Furthermore, in the case of hyperbolicity, its stability in the random case is the same as that in the deterministic case.
This proposition indicates that the fundamental fixed point E of the deterministic HHW model and its stability can be preserved from any random perturbations of dividends. That is, as long as the fundamental steady state is asymptotically stable, the price p n of the risky asset will eventually tend to the fundamental price Here in order to compare the random model with the corresponding deterministic 
> 0 such that the fundamental fixed point E is stable as β < β * . However, as β
E becomes unstable and there appear another two stable non-fundamental fixed points, denoted by E r and E l , where E r = (x r , m r ) = (
) and
). See Hommes et al. (2005) for the details. Hence we first focus on the case:
where there exist another two stable non-fundamental fixed points besides the unstable fundamental fixed point in the deterministic case. However, unlike the fundamental fixed point, the two non-fundamental fixed points are no longer fixed points of the random system (2.1). The following propositions show that the two stable non-fundamental fixed points become two almost surely stable random fixed points in the neighborhoods of the two corresponding stable fixed points of the deterministic skeleton for sufficiently small noise intensity, respectively.
such that there are three random fixed points with their corresponding stationary measures supported on disjoint sets as ǫ < ǫ * . That is, besides the fundamental
)), there exist two other nontrivial random fixed points, respectively, in the neighborhoods of the two corresponding stable nonfundamental fixed points of the deterministic skeleton provided the noise intensity ǫ is sufficiently small.
The result of Proposition 3.2 is shown in Figure 2 . In conjunction with Figure   1 (a), Figure 2 (a) illustrates that the fundamental fixed point undergoes a supercritical pitchfork bifurcation in the deterministic case as the intensity of choice β increases from 2.8 to 3.8. According to the model (2.1) and the proof of Proposition 3.1, m-axis is always a stable manifold of the fundamental fixed point E. That is to say that the orbit will stay on the m-axis forever and eventually tend to the fundamental fixed point once the initial point lies on the m-axis. Hence for initial point (x 0 , m 0 ) = (0, −0.9), x n ≡ 0, which corresponds to the middle solid horizontal line as illustrated in Figure 2 . In addition, Figure 2 also suggests that the two locally stable non-fundamental fixed points E r and E l become two locally stable random fixed points for sufficiently small noise intensity, respectively. If initial value x 0 > 0(< 0), then the orbit eventually converges to the random fixed point corresponding to E r (E l ), which fluctuates around E r (E l ). Furthermore, the volatility of the two random fixed points becomes larger as the noise intensity ǫ increases 3 .
Besides, in order to indicate the symmetry with respect to m-axis and sample path of {ε n }, in each figure of Figure 2 we let {ε n } for the system with initial values Figure 2 implies the symmetry, which can also be seen from the model (2.1).
In addition, the following several propositions further show that the random fixed points obtained in Proposition 3.2 have several other properties. Proposition 3.4 As ǫ → 0, the two nontrivial random fixed points almost surely converge to the corresponding fixed points E r and E l of the deterministic skeleton, respectively. Furthermore, as ǫ → 0, their corresponding stationary measures also weakly converge to the corresponding Dirac measures supported on E r and E l , respectively. Figures 2 and 3 4 . Figure 3 suggests that the support of the stationary distribution corresponding to the random fixed point near E r is in the very small neighborhood of E r as the noise intensity ǫ is close to zero, which is also consistent with Proposition 3.5 The two nontrivial random fixed points corresponding to the two locally exponentially stable non-fundamental fixed points of the deterministic skeleton are locally exponentially stable almost surely.
The result of Proposition 3.4 is illustrated in
Since 
Further numerical analysis
In order to see the effects of random dividends from a global point of view, we first provide the bifurcation diagrams in Figure 5 
Effects of random dividends on invariant closed curves
For a clear illustration of dynamical behaviors on invariant closed curves under random perturbations of dividends, in Figure 6 6 we give time series and phase diagrams both in the deterministic case and in the random case that ǫ = 0.01. In Figure   6 (a), for the case that ǫ = 0, the values of x do not tend to be consistent no matter 6 Here we carry out 10,000 iteration steps with five initial points in each case, where the first 500 and the last 1,000 steps are used to plot the time series and phase diagrams, respectively. Besides, the selection of sample paths of noise is the same as in Figure 2 . how many iteration steps are carried out for different initial values near E r or E l .
In contrast to the deterministic case, in Figure 6 
Effects of random dividends on chaotic attractors
Finally we try to indicate the random properties for chaotic attractors subject to random perturbations in Figures 7 and 8 . For chaotic attractors of deterministic systems, it is known that from two close but different initial points, the two trajectories may deviate greatly after some evolution steps because of the property 7 This phenomenon is similar to that for limit cycles of differential equations subject to random perturbations, see Arnold (1998) and Schenk-Hoppé (1996) for details. Figure 8 . From Figure 8 , it can be seen that the attractor in the random case with ǫ = 0.01 looks very close to that in the deterministic case, which 8 Here the same sample path of {ε n } is used for two different initial values.
can also be seen from bifurcation diagram Figure 5 Therefore, from the above numerical analysis, it can be seen that the system under sufficiently small random perturbations generally possesses some similar dynamical properties to the corresponding deterministic skeleton in the case that the deterministic skeleton has stable invariant closed curves or strange attractors. That is to say, even in the case that there are invariant close curves or strange attractors, the behavior of agents is still an important factor of price fluctuations if dividends 
Conclusion
In this paper we mainly study the dynamical behaviors of the HHW model with random dividends. Applying our recent mathematical results, we prove that the stable fixed points of its deterministic skeleton become almost surely stable random fixed points of the stochastic system under sufficiently small random perturbations of dividends; furthermore the stable random fixed points converge to the corresponding stable fixed points of the deterministic skeleton almost surely as the perturbation intensity tends to zero. Besides, the numerical simulations also suggest similar behavior in the case that the deterministic skeleton has stable invariant closed curves or strange attractors. From an economic point of view, these results mean that the behaviors of agents play a dominant role in affecting fluctuations of asset prices in the case that the exogenous random perturbations of dividends are sufficiently small. Since the dividends in real markets are generally very low, it is reasonable to study the approximate deterministic skeleton instead of the complicated model with random dividends.
In future research, firstly, it is very important to study theoretically dynamical behaviors on more general attractors such as stable invariant closed curves and strange attractors under sufficiently small random perturbations. Secondly, it is interesting to apply the ideas and approaches used in this paper to other asset pricing models with i.i.d. random perturbations. Finally, it is significant to study asset pricing models with more general noises, such as AR (1) is a fixed point of the system (2.1) for all values of {ǫε n }.
Second, the Jacobian matrix at the fundamental fixed point E is
. Thus
Based on the property of Lyapunov exponents,
Furthermore, since
where λ 1 denotes the maximal Lyapunov exponent (Arnold, 1998 , Lemma 3.2.1 and Example 3.3.9). Therefore, the Lyapunov exponents with respect to the fixed point
That is, in the case of hyperbolicity, the stability of the fixed point in the random case is the same as that in the deterministic case.
The Consider nonlinear difference equation
where For each ω ∈ Ω, let its n'th coordinate (ω) n equal some value of ε n . That is,
For convenience of expression, set
Define the linear cocycle
where id denotes a 2 × 2 identity matrix. Assume that Lyapunov exponents {λ
denote the random norm of Y defined for the cocycle Φ ǫ (n, ω), where · is the standard Euclidean norm in R 2 . Furthermore, set |Y | := ess sup Y (ω) ω .
In addition, let P 1 denote the projective space on R 2 . The real one-dimensional projective space P 1 is obtained from R 2 − {0} by identifying two vectors if each is a scalar multiple of the other. Each u ∈ P 1 denotes the direction represented by the unit vector u ∈ R 2 . Given t ∈ I = [−M, M], define a map A ǫ (t)(u) :
Borel subset of P 1 . Then the transition probabilities are defined by (ii) For any given u ∈ P 1 , the probability measure
absolutely continuous with respect to Lebesgue measure m(·) on P 1 ,
Then for sufficiently small ǫ, there exists exactly one ergodic stationary solution (random fixed point) in the neighborhood of the origin whose initial value ξ ǫ (ω) satisfies with probability one
where K ′ > 0 is a constant independent of ǫ.
Proposition A.2 The stationary solution (random fixed point) obtained in Theorem A.1 is measurable.
Proposition A.3 As ǫ → 0, the stationary solution (random fixed point) obtained in Theorem A.1 converges almost surely to zero, which is an isolated fixed point in the deterministic case.
Proposition A. 4 The stationary solution (random fixed point) obtained in Theorem A.1 is also locally exponentially stable with probability one. Proof of Proposition 3.2. In the following we try to show that the two stable non-fundamental fixed points of the deterministic skeleton become two almost surely stable random fixed points of the corresponding random system under small random perturbations of dividends using Theorem A.1. We first focus on the study of the random fixed point corresponding to the non-fundamental fixed point
Remark 2
). In order to apply Theorem A.1, we need to make some transformations to the model (2.1).
Set X n := xn mn . Suppose that model (2.1) is expressed by
As ǫ = 0, the model becomes a deterministic system, which is the same as Hommes et al. (2005) . Since X r := xr mr is a steady state of the deterministic system, then
Thus based on the expressions (A.2) and (A.3), we have
where
where Then the system (2.1) can be expressed by
Therefore,
) is a deterministic matrix, which is the same as J r (β)
in Hommes et al. (2005) .
Moreover,
In addition, under the conditions of Proposition 3.2, according to Hommes et al. ( , p.1064 , the two eigenvalues of the deterministic matrix A(0) are both nonzero and lie inside the unit circle in the complex plane. In the following we will
show that transition probability P ǫ (u, ·) is absolutely continuous with respect to
Lebesgue measure on P 1 except for an exceptional point, and in this case stationary measures on P 1 are still absolutely continuous with respect to Lebesgue measure.
Thus just as shown in Remark 2, the corresponding results hold.
Let θ denote the angle corresponding to the unit vector u on the plane. Based on the elementary theory of topology, P 1 ∼ = S 1 /{θ, θ + π}, where S 1 denotes the unit circle in R 2 and ∼ = denotes topological equivalence. For convenience, we identify P 1 with S 1 /{θ, θ + π} and use θ instead of u to denote elements of P 1 in the following.
Note that in space S 1 /{θ, θ + π} angles θ and π + θ are identical denoting one element. Thus if θ = arctan 2 µgxr =: θ * , then
If θ = θ * , then for any ǫ ∈ [0,
) and any t ∈ I,
Note that as ǫ <
Furthermore, as 0 < ǫ < min {
], then for any t ∈ I,
Further, since
and 2x r (βg(R − 1)x r − βg 2 ǫt) are both decreasing functions with respect to t, for any given θ there is at most one point t *
has at most one zero point t * ǫ (θ). That is, as 0 < ǫ < ǫ 1 , ψ ǫ (t, θ) is a monotone or piecewise monotone function with two pieces with respect to t for any given θ = θ * in P 1 .
If ψ ǫ (t, θ) is monotone with respect to t, then its inverse mapping exists, denoted
For such θ and any bounded continuous function φ on P 1 ,
Hence for any Borel set E in U θ ,
Besides, based on the definition of P ǫ (θ, ·), P ǫ (θ, E) = 0 for any Borel set E ⊂ P 1 − U θ . That is to say, P ǫ (θ, ·) is absolutely continuous with respect to Lebesgue measure on P 1 with density function ϕ(ψ
is piecewise monotone with respect to t with two pieces, then in each monotone interval P ǫ (θ, ·) is absolutely continuous with respect to
Lebesgue measure with a density function. Based on the two density functions, a new density function over the whole interval I can be obtained. Thus in this case
is also absolutely continuous with respect to Lebesgue measure. Therefore, as 0 < ǫ < ǫ 1 , for any given θ = θ * , P ǫ (θ, ·) is absolutely continuous with respect to
Lebesgue measure on P 1 .
Further we show that stationary measures on P 1 exist and are also absolutely continuous with respect to Lebesgue measure. Just as stated in Zhu et al. (2009) , since P 1 is compact, stationary measures on P 1 always exist; see also Arnold (1998) .
Let µ ǫ denote any stationary measure on P 1 . That is, for any Borel set E ⊂ P 1 ,
For one thing, since P ǫ (θ, ·) is absolutely continuous with respect to Lebesgue measure on P 1 for any given θ = θ * as 0 < ǫ < ǫ 1 , then P ǫ (θ, {θ * }) = 0 for any θ = θ * .
However, since A ǫ (t)(θ * ) = π 2 for any t as ǫ < ǫ 1 , then P ǫ (θ * , {θ * }) = 0. Thus for any initial probability measure µ 0 , µ 1 ({θ
For another thing, for any θ = θ * in
is absolutely continuous with respect to Lebesgue measure if 0 < ǫ < ǫ 1 .
That is, if θ = θ * , then for any Borel set E on P 1 , P ǫ (θ, E) = 0 whenever Lebesgue measure m(E) = 0. Hence from the expression (A.4), if m(E) = 0, then we have
That is to say, as 0 < ǫ < ǫ 1 , any stationary measure µ ǫ on P 1 is absolutely continuous with respect to Lebesgue measure.
Thus according to Theorem A.1 and Remark 2, there exists ǫ * > 0 satisfying ǫ * < ǫ 1 such that as ǫ < ǫ * , there exists exactly one random fixed point of (A.2) in the neighborhood of the non-fundamental fixed point E r in the deterministic case whose initial value ξ ǫ (ω) satisfies
Consequently, for almost all ω,
That is, as the noise intensity ǫ tends to zero, the radius of the neighborhood containing the random fixed point also converges to zero.
Based on symmetry of the system with respect to m-axis and random perturbations, the system has another random fixed point in the neighborhood of the non-fundamental steady state E l in the deterministic case as the noise intensity ǫ < ǫ * . Furthermore, as ǫ tends to zero, the radius of the neighborhood containing the random fixed point also converges to zero.
Therefore, there exists ǫ * > 0 satisfying
such that the supports of their corresponding stationary measures do not intersect.
That is, besides the fixed point E = (x * , m * ) = (0, − tanh( 
B Related basic concepts
Here we provide a brief introduction to the framework used to study random dynamical systems described by random difference equations. The reader is referred to Arnold (1998) for more information of the related theory.
A random dynamical system in the sense of Arnold (1998) consists of two building blocks: a model of the exogenous noise and a model of the system perturbed by noise.
The exogenous noise is modeled as a so-called metric dynamical system known from ergodic theory. Let (Ω, F , P) denote a probability space, and let σ : Ω → Ω be a measurable invertible mapping which is measure-preserving with respect to P and whose inverse σ −1 is again measurable. Assume that σ is ergodic, i.e. P is ergodic with respect to σ and let σ n denote the nth iterate of the mapping σ. The collection (Ω, F , P, {σ n } n∈Z ) is called an ergodic metric dynamical system, denoted by σ for short.
It is well known that any stationary ergodic process {ε n } n∈N , ε n : ω → R m can be represented by an ergodic dynamical system. For example, let {ε n } n∈Z be a sequence of i.i.d. random variables with probability measure ν on some subset
, where Σ Z is the space of all sample paths of the process, B(Σ) Z is the Borel σ-algebra of all cylinder sets, and ν Z is the product measure. Each element ω = {ω(n)} n∈Z ∈ Σ Z is a doubly infinite series describing a sample path of the process. The map σ : Ω → Ω, ω → σω is defined by (σω)(n) = ω(n + 1) and is called the left shift. Define the map ε : Ω → Σ by ε(ω) = ω(1). Then we have ε n (ω) = ε(σ n−1 ω) and thus obtain a representation of the original i.i.d. process as an ergodic metric dynamical system (Ω, F , P, {σ n } n∈Z ).
Such a process is often referred to as a real noise process.
The second ingredient consists of a parameterized family of time-one maps of topological dynamical systems F : Σ × X → X, X ⊂ R K inducing the random difference equation
x n+1 = F (ε(σ n ω), x n ) =: F (σ n ω)x n , which governs the evolution of the system. Note that in this appendix we use x to denote any vector in a general space X, different from that in the model (2.1).
With x 0 as initial value, the iteration of the mapping F under the perturbation ω induces a measurable map ϕ : N × Ω × X → X defined by
such that x n = ϕ(n, ω, x 0 ) is the state of the system at time n. For any initial value x 0 ∈ X and any perturbation ω, the sequence of points {x n } n∈N is called an orbit of the random dynamical system ϕ.
As the random analogue of a fixed point of deterministic dynamical systems, a random fixed point describes the long-run behavior of random dynamical systems.
Definition B.1 (Random Fixed Point) A random fixed point of a random dynamical system ϕ is a random variable x * : Ω → X on (Ω, F , P, {σ n }) such that x * (σω) = ϕ(1, ω, x * (ω)) for all ω ∈ Ω ′ ,
where Ω ′ ⊂ Ω is a σ-invariant set of full measure, P(Ω ′ ) = 1. In particular, in the case of i.i.d. real noise process, a random fixed point of F is a random variable x * : Ω → X on (Ω, F , P, {σ n }) such that x * (σω) = F (ε 1 , x * (ω)) for all ω ∈ Ω ′ ,
where Ω ′ ⊂ Ω is a σ-invariant set of full measure, P(Ω ′ ) = 1.
If F is independent of the perturbation ω, then the Definition B.1 is consistent with that of a fixed point of deterministic dynamical systems. Definition B.1
implies that x * (σ n+1 ω) = F (ε n+1 , x * (σ n ω)) for all times n. Therefore, the orbit {x * (σ n ω)} n∈N , ω ∈ Ω generated by x * solves the random difference equation
The random fixed point x * induces an invariant measure x * P on R K defined by (x * P)(B) := P((x * ) −1 (B)) = P{ω ∈ Ω|x * (ω) ∈ B}.
In fact, the stationarity and ergodicity of the measure P under the shift σ (i.e., P = σP = P • σ −1 ) implies the stationarity and ergodicity of x * P since ((x * σ)P)(B) = P(σ −1 • (x * ) −1 (B)) = P((x * ) −1 (B)) = (x * P)(B).
In addition, if E x * < ∞, then
for every B ∈ B(X). That is, the stationarity and ergodicity of the measure P under the shift σ imply the stochastic process {x * (σ n ω)} n∈N is stationary and ergodic.
In the following, we provide the definition of an almost surely exponentially stable random fixed point used in this note and Zhu et al (2009).
Definition B.2 (Almost Sure Exponential Stability) A random fixed point x * of the random dynamical system ϕ is called almost surely exponentially stable with respect to a norm · on X if for any small ǫ > 0, there exists δ > 0 such that for almost all ω, sup 0≤n<∞ ϕ(n, ω, x 0 ) − x * (σ n ω) < ǫ whenever x 0 − x * < δ, and if there exists γ ∈ (0, 1) such that for almost all ω and any x 0 with x 0 − x * < δ, ϕ(n, ω, x 0 ) − x * (σ n ω) < γ n , ∀n > N(x 0 ).
The stability of random fixed points can be characterized by Lyapunov exponents. The definition of Lyapunov exponents in this note follows Arnold (1998).
For more detailed information, refer to Arnold (1998, pp.134, 172-175).
Definition B.3 (Lyapunov Exponents) Let Φ be a linear cocycle over metric dynamical system (Ω, F , P, {σ n }). Assume that lim n→∞ (Φ(n, ω) * Φ(n, ω)) If (Ω, F , P, {σ n }) is ergodic, then Λ i (·), λ i (·) are constants. In particular, for random fixed point x * , Φ(n, ω) := Dϕ(n, ω, x * (ω)).
Furthermore, we follow Duffie et al. (1994) to provide the definition of equilibrium states of the random dynamical systems in the usual sense.
Definition B.4 (Equilibrium) Equilibrium is a time-homogeneous Markov process with an ergodic stationary measure.
Hence if the perturbation corresponds to an i.i.d. process, the orbit of the almost surely exponentially stable random fixed point x * will be an equilibrium.
